Finite time blow-up for a wave equation with a nonlocal nonlinearity 



A. Z. Fino abc , M. Kirane c , V. Georgiev d 

"Laboratoire de mathematiques appliquees, UMR CNRS 5142, Universite de Pauet des Pays de I 'Adour, 64000 Pau, France 
b LaMA-Liban, Lebanese University, P.O. Box 37 Tripoli, Lebanon 
c Departement de Mathematiques, Universite de la Rochelle, 1 7042 La Rochelle, France 
rl UNIVERSITA DI PISA, Dipartimento di Matematica, "L. Tonelli" 56127 Pisa, Largo Bruno Pontecorvo 5, Italy 



Abstract 

In this article, we study the local existence of solutions for a wave equation with a nonlocal in time nonlinearity. 
Moreover, a blow-up results are proved under some conditions on the dimensional space, the initial data and the 
nonlinear forcing term. 
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1. Introduction 

We study the following nonlinear wave type equation which contains a nonlocal in time nonlinearity 



1 f' 

~Aw= (t - sY y \u(s)\ p ds Jt6t*f>0, (1.1) 

Hi -y) Jo 



where 0<y< 1, p > I, N > 1, A is the standard Laplacian and V is the Euler gamma function. The nonlinear 
nonlocal term can be considered as an approximation of the classical semilinear wave equation 

u„ - Au - \u{t)\ p 

since the limit 

1 _ y 

hm— -s + > =5{s) 

r^i r(l - y) 

exists in distribution sense. 

It is clear that this nonlinear term involves memory type selfinteraction and can be considered as Riemann-Liouville 
integral operator 



a D; a = J a aV g(t) :=^f(t- s) a ~ l 8(s)ds 



introduced with a = -oo by Liouville in 1832 and with a — by Riemann in 1876 (see Chapter V in [4]). Therefore, 
(1.1) takes the form 

u„-hu = D y - l {\u(t)\ p ), (1.2) 

where Dj a = JZ t and a — 1 — y. 
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In this work we study blow up phenomena for this semilinear wave equation and small initial data 

u(0,x) = uo(x), u t (0,x) = u\{x) xeR N , (1.3) 

where 

(m , m) e W = fl"(R w ) x H"- 1 ^) 
and H V (M. N ) is the classical Sobolev space of order fi> 0. 

The study of the non-existence of global solutions to semilinear wave equations has been initiated in the early 
sixties by Keller and intensively developed since then by John and Kato. It is based on an averaging method for 
positive solutions, usually with compact support. Much has been devoted to the case of the equation 

u„ -Au = \u\ p , p > 1. (1.4) 

It is well known that this problem does not admit a global solution for any p > 1 when the initial values uq and u\ are 
large in some sense (cf. [9, 13, 15]). On the other hand, John proved in [10], when N = 3, that nontrivial solutions 
with compactly supported initial data must blow up in finite time when 1 < p < 1 + a/2. Interestingly, Strauss 
discovered the same number as the root of a dimension dependent polynomial in his work on low energy scattering 
for the nonlinear Klein-Gordon equation [22]. This led him to conjecture that the critical value, po(N), generalizing 
John's result to N dimensions, should be the positive root of 

(N - l)p 2 - (N + l)p - 2 = 0. 

Glassey [9] verified the conjecture when N - 2 under the additional assumption that uq and u\ have both positive 
average. The technique used by Glassey, John and Sideris is to derive differential inequalities which are satisfied by 
the average function t i — > J RN u(x, t) dx. The fact that the support of «(• , /) is included in the cone {x; \x\ < t + R] 
plays a fundamental role in deriving the differential inequalities. 

Sideris [21] completes this conjecture for N > 3 and proved that global solutions do not exist when 1 < p < po(N), 
provided that the initial data are compactly supported and satisfy the positivity condition 

f [x^uo > and f \x\ n ui > 0, 

Jr" Jr n 

where r\ = if N is odd and 1 /2 if N is even. 

The critical case p = po(N) was studied by Schaffer [20] in dimension N - 2 and N = 3, and then completed in 2006 
by Yordanov and Zhang [23] for the case N > 4. 

A slightly less sharp result under much weaker assumptions was obtained by Kato [11] with a much easier proof. 
In particular, Kato pointed out the role of the exponent (N + l)/(N - 1) < po(N), for > 2, in order to have more 
general initial data, but still with compact support. 

In this paper, we generalize Kato and Glassey-Strauss critical exponents and give sufficient conditions for finite 
time blow-up of a new type of class of equations (1.1) with nonlocal in time nonlinearities. Let us mention that our 
blow-up results and initial conditions are similar to that of Kato and Glassey-Strauss respectively. 

Our first point to discuss the existence of local solutions to (1.1) with initial data (1.3). Formally, the equation 
(1.4) can be rewritten as integral equation 

u(t) = K(t)u Q + K(t)m + N(u)(t), , t e [0, T], 

where K(t) = cj^ 1 sin ajt, cj := (-A) 1/2 and 

N(u)= f K(t- s)D y -\\u\ p )(s)ds. 
Jo 



2 



The general setting for the well - posedness of this integral equation with (uq, u\) e *W requires to define for any 
T > a closed subspace 

X(T) c C([0, r], ff^R*)) n C^fO, r], i^-'QR*)) 

such that 

(k , «i) e W => K(t)u e X(r), A"(0«i e X(T) 

and 

K e X(T) => AT(«) e X(r). 

Then the integral equation is well - posed in W, if for any R > one can find 7 1 = T(R) > so that for any initial 
data satisfying 

ll(«o,"i)llw < R, 

the integral equation 

u(t) = K(t)u + K{t)u x + N(u)(t), t e [0, T], 

has a unique solution u e X(T). Once the well posedness of the integral equation is established, one can easily prove 
there exist a maximal time r max > and a unique solution u e X(T) for any T e [0, T max ), such that if r max < oo, then 

lim ||«(0llHf + H« ( (0llHf-> = 00 

i.e. the "TY^ - norm of the solution blows up at t = T max . 
When ^ = 1 and p satisfies 

N 

1 < p < if > 2 

1 < p < oo if AT = 1,2. 

one can take 

X(T) = C([0, ^.^(R^nCHtO, rj.L 2 ^)) 

and using contraction mapping principle to obtain unique solution u e X(T). (see our Theorem 6 in Section 3 below) 
These type of solutions are called mild solutions and the proof of the existence and uniqueness of mild solutions needs 
only energy type estimates and Sobolev embeddings. 

The interval p e (1,N/(N - 2)) is not optimal for the local existence of solutions, but enables us to obtain first 
blow-up results. To state them we first define 

Pi = P\(N,y) := 1 + — (1.5) 

so that p\ is the Kato exponent for y = 1. The other quantity that generalizes Glassey-Strauss exponent (at least for 
N -2>) and it is the positive root pi = pi(N, y) of the equation 

(N - 2)p 2 - (N - y)p - 1 = 0, JV>3. (1.6) 

Taking N - 3 one can see that standard observation that Kato's exponent is below the exponent of Glassey - 
Strauss, might be not true if y varies in the interval (0, 1). Indeed 

limp 1 (3,y) = 2 < limp 2 (3,y) = 1 + V2~, 

pi(3,l/3) = 3=^(3,1/3) 

while 

limpi(3,y) = 4 > lim/? 2 (3,y) = — — . 

Our first blow up result treats the case ye [1/3, 1), since in this case we have 

Pi(3,y)<p 2 (3,y)<N/(N-2) = 3, 

i.e. local existence requirements for mild solutions in energy space are satisfied. 
Then we have the following blow up result. 



Theorem 1. Suppose y e [1/3, 1) and (u , «i) e H^R 3 ) x L 2 (M 3 ) saris/^ 

suppui c S(r) := {lei": \x\ < r], r> 0, i = 0, 1, 

and 

I mi > 0, and I W -1 Mo > 0, (1.7) 

Jr 3 Jr 3 

If p < Pi= Pi{3, y), where P2 is given in (1 .6), then the solution of (1. 1) blows up infinite time. 

Our more general result for the case N >5 odd and y e [(N - 2) IN, 1) can be found in Theorem 10. 
Turning to the case iV = 4we can use the following property 

y e [1/2, 1) => p 2 (4,y) < Pl (4,y) < N/(N - 2) = 2. 

The corresponding blow up result reads as. 

Theorem 2. Assume y e [1/2, l),N = 4 and let (m , u x ) e //'(K 4 ) x L 2 (R 4 ) fee rac/z tfia* 

I m >0, f Ml>0. (1.8) 

Jr 4 Jr 4 

If p < pi = Pi(4,y), where p\ is given in (1.5), then the solution o/(l.l) blows up infinite time. 

The generalization of this result for the case N e {1} U {2m, m e N*} and y e [(N - 2)/N, 1) is presented in 
Theorem 9. 

To treat values of y > such that y < (N - 2) IN, for N > 3, one has to take into account the fact that we have 
N/(N -2) < p2 < p\ < l/y, so mild solutions with data in the energy space and nonlinear exponent p < N/(N-2)are 
not sufficient to obtain blow up result for all values of p e (0, 1 /y] and all y e (0, (N - 2)/N). One slight improvement 
of the requirements on p for the local well posedness can be done if we consider mild solutions with initial data of 
higher regularity, i.e. {uq, u\) g < H /i with p > 1. Then the mild solution have to belong to the space 

X(T) = C([0, T],H"(R N )) n C l ([0, T],H"- l (R N )). 

When jV > 3 and p > N/(N - 2) satisfies 

, 2 -f + f^0 (1.9) 

one can use contraction mapping principle to obtain unique solution u e X(T) with p = N/2 - 1/0? - l)(see our 
Theorem 7 in Section 3 below). The result is established by using only energy type estimates and Sobolev embedding. 
The condition (1 .9) is always true for space dimensions 3 < < 8, but is still very restrictive for higher dimensions. 
To cover larger interval for p where local existence and uniqueness can be established we take 

X(T) = C([0, T],H\R N )) n C'([0, T],L 2 (R N )) n L q ([0, T]; U x ), 

where (q, r) and the spaces L q ([Q, T\,U^) are involved in the Stichartz estimates for the wave equation. 

Note that similar spaces have been used by Ginibre and Velo in [6] and [7], where the local well posedness of the 
Cauchy problem for the semilinear wave equation is studied under the assumption p < (N + 2)/(N- 2). In our case of 
nonlinear memory type term we are able to establish the following. 

Theorem 3. Given (m , m) e H l (R N ) x L 2 (R N ), N > 1, y e (0, 1) and let p > 1 be such that 

{ 1 <p < 00 if N= 1,2, 

N + 4 — 2v 

1<P< N _ 2 if N = 3,4,5, 

. (N + 4-2y N+l\ 

1 < p < mm -, ifN>6 

1 \ N-2 N-3 J 
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Then, there exists T > depending only on the norm 

IIwoIIh 1 + ll"ilb 

and a unique solution u to the problem (1.1) such that u e C([0, 71, H 1 ^)) n C^fO, 71, L 2 ^)). 
Since 

max{ Pl (N,y), l/y} < 1 + for all y e (0, 1), 

the above local existence result enables one to extend the blow up result to all values of p e (0, ma\{p 1 (N,y), l/y}] 
and all y e (0, 1). 



Theorem 4. Let N > 3, y e (0, 1) and 1 < p < max{pi(N, y), l/y}. Assume that (u , u\) e H l (R N ) x L 2 (R N ) is such 
that 

X«o>0, I mi > 0. 
N Jr w 

77ze« f/ze solution of (1.1) blows up infinite time. 

The organization of this paper is as follows. In Section 2, we give some properties, results and notations that will be 
used in the sequel. In Section 3, we present the local existence results of solutions for the equation (1.1). Section 4, 
contains the blow-up results of solutions to (1.1). 

2. Preliminaries, notations 

In this section, we present some definitions, notations and results concerning the wave operator, fractional integrals 
and fractional derivatives that will be used hereafter. For more information see [8], [12], [14] and [19]. 
Let us consider the inhomogeneous wave equation 

f u„-Au = f, (x,t)eR N x(0,T), 
\ u(x,0) = uo(x), u t (x,0) = u\(x), x e R N . 

We define K(t) and K(t) by K(t) := aT l sinwf and K(t) := cos wf where aT 1 is the inverse of the fractional laplacian 
operators := (-A) 1/2 of order 1/2 defined above. The solution of the Cauchy problem (2.1) can be written, according 
to Duhamel's principle, as 



u(t) = K(t)u + K(i)u x + K(t- s)f(s) ds. (2.2) 
Jo 

The initial data (uq, u\) of the problem (2.1) will be taken in the energy space 

<H = H l (R N ) x L 2 (R N ) (2.3) 

or more generally in 

W = H^fM?) x H^-\R N ),fx > 1. (2.4) 
We shall denote by H M (R N ), p>0, the homogeneous Sobolev space of order p > defined by 

H»(R N ) = [u e S'\ (-Af /2 u e L 2 (R N )}, 
where S' is the space of Schwartz' distributions and (-A)^ 2 is the fractional laplacian operator defined by 

(-Af /2 «(x) := T- 1 (\tfT(u)(Z))(x) 

and T~ l stands the Fourier transform and its inverse, respectively. 

The corresponding inhomogeneous Sobolev space H M (R N ) for any real p is defined as 



H M (R N ) = [u e S'; (1 - Af /2 M e L 2 (R N )}. 



Next, we give the admissible version of the Strichartz estimates due to Keel and Tao [12]. Before we state the theorem 
of Strichartz' estimates, we give the definition of cr- admissible pair where cr = (N - l)/2 for the wave equation. 



Definition 1. {[12, Definition 1.1]) We say that the exponents pair (q,r) is a- -admissible if q,r > 2, (q,r,o-) + 
(2, oo, 1) and 

I cr cr 

- + — <—■ (2.5) 
q r 2 

If equality holds in (2.5), we say that (q, r) is sharp cr-admissible, otherwise we say that (q, r) is nonsharp cr— 
admissible. Note in particular that when cr > 1 the endpoint 

P-\2. 2 



cr- 1, 

is sharp cr-admissible. □ 

Theorem 5. ([12, Corollary 1.3]) Suppose that N > 2 and (q,r) and (q,f) are (N — 1) /2— admissible pairs with 
r,r < oo. Ifu is a (weak) solution to the problem (2.1) in R N x [0, T]for some data u e Hf(R N ), u\ e H>'~ 1 (BL N ),f e 
L«'([0, T]; L r K ) and time < T < oo, then 

\\u\\m\0,T\,L r x ) + IMIc([0,7-];tff) + ll^f M llc([0,r];Hf-') 

< C(||K lb. + +ll/ILr([0,r];Lf))' ^ 2 - 6 ) 

under the assumption that the dimensional analysis (or "gap") condition 

1 N N 1 N ^ ,„„ N 

- + - = --» = - + --2 (2.7) 
q r 2 q' r' 

holds, where C > is a positive constant independent ofT. □ 

Remark 1. In the above Theorem we denote by r',q' the conjugate exponents of r, q and by L p s := L P (R N ) the 
standard Lebesgue x space for all 1 < p < oo. 

The estimate (2.6) involves homogeneous Sobolev spaces. If we admit dependence of the constants on the length of 
the time interval / = [T\,T2], taking the length |/| -T 2 -T\ < 1 and p > 1 we can establish the inequality 

+ \\u\\c(l;H") + \\dtU\\c(I-H^) 

< Co (Huolb. + IImiIU-. + ll/IL? (/«')) . (2-8) 

where Co is independent of |7| < 1 . This inequality is sufficient for the proof of local existence result and the existence 
of maximal interval of existence of the solution. 

Corollary 1. (Strichartz estimates for uq) Suppose that N > 2 and (q, r) is a(N - 1) /2-admissible pair with r < oo. 
Ifuo e H"(R N ), then 

\\K(t)u \\uqp,n,LD + \\K(t)u Q \\ C([0 j ] . H v ) + ||A/s:(OMollc([o,r];^) < C||m || h i, (2.9) 
under the assumption that the condition 

I + (2.10J 
q r 2 

holds. □ 

Corollary 2. (Strichartz estimates for u\) Suppose that N > 2 and (q, r) is a(N - 1) /2-admissible pair with r < oo. 
Ifui e L 2 (R N ), then 

II^W"llb([0,r];L ; ) + II^WWlllc([0,r];Hi) + ll^(0«lllc([0,7-];^) < C||mi|| L 2, (2.11) 

under the assumption that the gap condition 

(2.12) 

q r 2 

holds. □ 



Corollary 3. {Strichartz estimates for f) Suppose that N > 2 and (q, r) and (q, f) are (N - l)/2-admissible pairs with 
r,r<oo. If I = [T\, T{\ is any time interval of length \I\ - T2 - T\ < 1 and f e LP '([0, T];L r x ), then 



If 

1 1 Jo 



K(t - s)f(s)ds 



Li(I\L r x ) 



If 
Jo 



K(t - s)f(s)ds 



C(I;H>) 



f 

Jo 



K(t - s)f(s)ds 



C(/;L 2 ) 



* Coll/lb' 



under the assumption that the gap condition 



INN, 1 N „ 
- + — = 1 = — + 2 

q r 2 q' f' 



holds. 



(2.13) 



(2.14) 



□ 



Turning back to integral equation (2.2), we have to give a more precise definition of the integral terms of the right 
hand side. 

For the purpose we suppose that for some T > one can find admissible couple (q, r) such that the gap condition 
(2.14) is satisfied and 

u e X(T) = X q , r (T) = C([0, T], H\R N )) n C'([0, T],L 2 (M N )) n L\[Q, T];U X ). 

Then estimates of Corollary 1 and Corollary 2 guarantee that 

K(t)u €X(T),K(t)ui eX(T). 

The estimate of Corollary 3 implies that 



feY{T) = Yv(X) = L*(lO,T];lZ) => f K(t - s)f(s) ds e X(T) 

Jo 



(2.15) 



provided (q, f) is admissible and the gap condition (2.14) is fulfilled. Note that the integral in (2.15) can be considered 
as Bochner integral in 



H~ k (WL N ) d L r x 



due to the Sobolev embedding with 



1 1 _ k 

r~2~N' 

The final part of this section is devoted to some basic properties of Riemann-Liouville fractional derivatives. If 
AC[0, T] is the space of all functions which are absolutely continuous on [0, T] with < T < 00, then, for / e 
AC [0,T], the left-handed and right-handed Riemann-Liouville fractional derivatives D^ t f(t) and D^ T f(t) of order 
a e (0, 1) are defined by (see [14]) 



D" 0lt f(t) := DJ^f(t), 



tfrf® : = -777—,° {\s-ty a f{s)ds, 
1 Hi - a) J, 



for all t € [0, T], where D := | and 



Jo\tS(t)-= f(t-sr- l g(s)ds 
1 r(a) Jo 



(2.16) 
(2.17) 

(2.18) 



is the Riemann-Liouville fractional integral (see [14]), for all g € L q (0, T) (1 < q < 00). 

Furthermore, for every f,g e C([0, T]), such that D^ t f(t), D^ T g(t) exist and are continuous, for all t e [0, T], < a < 
1, we have the formula of integration by parts (see (2.64) p. 46 in [19]) 



r (D a 0ll f)(t) g (t)dt = r f{t)(D a AT g){t)dt. 

*J0 *JQ 



(2.19) 



Note also that, for all / e AC" +1 [0, T] and all integer n > 0, we have (see (2.2.30) in [14]) 

(-l) n D n .D; T f = D% a f, 

where 

AC" +1 [0, T] := {f : [0, T] -> R and D"/ e AC[0, T]} 
and D" is the usual n times derivative. 

Moreover, for all 1 < q < oo, the following formula (see [14, Lemma 2.4 p. 74]) 

D 0\t J 0\t = Id Li{d,T) 

holds almost everywhere on [0, T] . 

Later on, we will use the following results. 

If wi(t) = (1 - t/T)l , t > 0, T > 0, cr » 1, then 

D V Wlit) ~ T(2- a + a-) T (r_f)+ ' 

n a + l w w ... (l-g + g-)(Q--g)r(Q-+l) _j 

D ^ lW " r(2- ff + t r) T (T ~ t)+ ' 

nff+ 2,„ , rt _ (1 ~ g + tr)(o- ~ g)(tr ~ g ~ l)r(o- + 1) 

D nT^W ~ Y(2-a + cr) T (T " °+ 

(D^ Wl )(T) = ; (D^w 1 )(0) = Cr- ff , 

(d^V)(t , ) = o ; (Dj;V)(0) = cr-', 

where 

(1-a + ojrV+l) (l-or + < 7-)( --Qr)r( -+l) 

C = and C = . 

F(2-a + cr) T{2 - a + cr) 

Indeed, using the Euler change of variable y = (s - t)/(T - t), we get 



for all a e (0, 1); so 
and 



—D \(T - t) 1 -'^ f (yy a (l - yf ds 
- a) [ Jo 



T~ 

W- 



(1 - a + cr)B{\ - a; cr + 1) „. 

= +- „;/ ' — '-T-^T-tr-*, 

T(l - a) 

where B(-;-) stands for the beta function. Then, (2.22) follows using the relation 

5(1 - or; cr + 1) = — — ■ — — . 

r(2 - a + cr) 

Furthermore, (2.23) and (2.24) follow from the formula (2.20) applied to (2.22). 



3. Local existence and uniqueness theorems for mild and weak solutions 

First we recall the definition of local mild solution for the problem (1.1). 
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Definition 2. (Mild solution o/(l.l)) Given any p. > 1 an<f any r > we say that 

u e c([0, n.^^nc'do, T],//^ 1 ^)) 

is a miW solution o/(l.l) vw'f/i initial data 

(u ,Ui)€'H f ' 

ifu satisfies the integral equation 

u(t) = K(t)u Q + K(i)ui + f K(t- s)J"(\u\ p ))(s)ds, t e [0, T]. (3.1) 



Definition 3. (Weak solution of '(1.1)) Given any T > we say that u is a weak solution of (1.1) if there exist 
admissible couples (q, r) and (q, f) so that the gap condition (2.14) is fulfilled, 



u e X(T) = C([0, T],H l (R N )) n C l ([0, T],L 2 (R N )) n L 9 ([0, r]; Z£), 



JS,(|«n)(0 6 nr) = Y V (T) = z/([0, r];4') 



and u satisfies the integral equation 

u(t) = K(t)u Q + K(t)ui + f - s)7" (|i<n)(j)^, f e [0, T]. (3.2) 
Jo 

Our first goal of this section is to establish the existence and uniqueness of mild solutions. 

Theorem 6. (local existence of unique mild solution o/(l.l)) 

Suppose (u , mi) e H\R N ) x L 2 (R n ), N > 1, y e (0, 1) and let p > I be such that 



l l<P *lh ' fN>2 (3.3) 
( 1 <p < co if N= 1,2. 

rnerc, f/zere exisf T > depending only on the norm 

IIwoIIhi + llwilb 

and a unique mild solution u to the problem (1.1) racn f/zaf « e C([0, r], H l (R N )) n C ! ([0, 7'],Z, 2 (IR JV )). 
Proof. For any iV> lwe apply the energy estimate 

IMIc([0,71;ffi) + ll^"llc([0,r];L 2 ) ^ Cq (||Wolltfi + ||Wllb) + C 1 1-/^, ( I M PXO 1 1 i.i ( [ ,r] ;Z.2 ) • 

Here and below Co = Cq(T) remains bounded, when < T < 1. Then we have to show the estimates 

ll^yi"O)(0llL.([0,r];Li) < C(T)\\u\f ca0J] . Hl) (3.4) 

and 

WJ^dufMt) - J^(\v\ p M)\\LW,Li) * C(T)\\u - v\\ cmnHl) (ll<- 0>r];Hl) + \\v\\ P c ~^ nm ) (3.5) 
with some constant C(T) satisfying the property 

lim C(T) = 0. 

Once these estimates are established an application of a contraction mapping principle in 

X(T) = C([0, T],H l (R N )) n C l ([0, T],L 2 (R N )) 

will complete the proof. 



We shall verify only (3.4), since the proof of (3.5) is similar. We have 

¥oiM)y ( \o,nLl) * ll^(ll"ll^)llL.([0,r]). 
For N = 1, 2 we have the Sobolev embedding 

H l (R N ) <^-> L 2p (R N ), (3.6) 

valid for 2 < 2p < oo. For N > 3 we have the same embedding provided the condition p < N/(N - 2) is fulfilled. 
Hence, we get 

where C\ is the positive constant of the Sobolev imbedding. Using the fact that u e X(T), we have 

ll^5f(ll"ll^i (R .r ) )lb(B),r]) ^ (2 - r )F(2 - y) r2 ~ r||M|l c([0,r];H>r 
This completes the check of (3.4) and the proof of the Theorem. □ 

To get local mild solution for some p > N/(N - 2) we have to impose different assumptions on N, p. 

Theorem 7. (local existence of unique mild solution of (1.1)) 
Suppose N > 3, y e (0, 1) and let p > N/(N - 2) be such that 

, 2 -f + f^0. (3.8) 

7/(m , «i) 6 Hf(R N ) x H»-\R N ), where /j. = N/2 - l/(j> - 1) > 1. Then, there exists T > depending only on the 
norm 

l|wolb< + \\u\\\w-> 

and a unique mild solution u to the problem (1.1) such that u e C([0, T],H"(R N )) n C'([0, T],H M ~ l (M. N )). 
Proof. We follow the proof of the previous result and take 

2N 

q = oo, r 



(N-2p.) 

Using the Sobolev embedding with some p > 1 , we get 

IMlL~ ( [o,r]«) < C||(-A)^ 1)/2 M || L „ ([0 r];i? ) < Cllallc^ri^), (3.9) 

where 

2N 

n = 



N-2 

These Sobolev embeddings are fulfilled because 

1 _ I - Hzl I _ 1 - 1 
r x r~ N ' 2 r x ~ N 

and in the second inequality in (3.9) we use the classical Sobolev inequality 

ll/IL? < CH/IIh. 

with / = (-A)^- i)/2 k. 

Note that v = (-A) (/,_1)/2 m is a solution to the equation 

v„-Av = Dr 1 (-A^- 1)/2 (|MWn, 
10 



(3.10) 



so applying the classical energy estimate for this wave equation we find 

C (IImoII^ + llml^-i) + C ||^((-A)^ iy2 \u\ p )){t)\\ L ^ nL iy 

From (3.9) we conclude 

l|M|lL»([0,r];L;) + ll(-A)^- 1)/2 M|| L „ ([0jr] . i?) + \\u\\ cmn , m + (3.1 1) 

WtU\\cWJY,H^) < C(||«olld, + II«iIIh,-0 + C||^((-A)^ 1)/2 |«|"))(f)llL'([0,r];L?)- 

Now we are in position to apply the following inequality (see for example Lemma 2.3 in [7] or [17], [18]) 

MuHIhm < cii(-A)^- 1)/2 M || L aii<; ( U, 

where \jr\ + \jri = 1/2 and njr\ > ft - 1. Note that our choice of r\ implies r^-N^o we can use the relation 

H=- => N(p - 1) = r. 



(N-2n)'^ 2 p-l 

It is important to notice that the above estimate of the nonlinear term \u\ p is valid only for /i - 1 < p, since p > 1 might 
be not integer. The inequality /j. - 1 < p, as well our choice of /j. lead to the inequality 

p 2 - ^ + - > 0. 
1 2 2 

We can proceed further as in the proof of the previous Theorem and we can show the estimates 

||^((-A)^ 1)/2 |Mr))(f)llL. ([ o,r];L?) < C(T)\\u\f ca0T] . m (3.12) 

and 

\\J^((-A)^- 1)/2 \u\ p M) - ^((-A^-^nmh^oTiLl) < C(T)\\u - v||c([o,r];^)(l|w||^ [0r] .^ ) + 

(3.13) 

where C(T) is an increasing, continuous in (0, 1] function, satisfying the property 

lim C(T) = 0. 

r-»o 

Once these estimates are established an application of a contraction mapping principle in 

X(T) = C([0, T], H M (R N )) n C\[0, T],H"- l (R N )) 
and this completes the proof. □ 

Remark 2. The condition 

, pN N 

p — — H — > 

1 2 2 

is automatically satisfied if 3 < < 8. The condition becomes very restrictive in the case of space dimensions 

pN N 

2 -i- 2 



9 < N < 20. One can show that the critical exponent pi{N) is strictly smaller than any of the roots of p 1 - ^- + j =0 



is N is large enough, namely N > 20. 

Remark 3. The proof of the existence and uniqueness of mild solutions is done without Strichartz' estimate, using 
only the energy estimate 

H«llc([0,r];H') + \\d t u\\c(io,TW) < c(ll"oll + H/llL.([0,r];L?)) 

and Sobolev embedding. For this the restrictive assumption of type 

p 1 -^ + ->0 
' 2 2 
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can not be avoided. Nevertheless, one can prove the existence of a maximal time < T m . dx < oo and a unique mild 
solution u to the problem (1.1) such that u e C([0, T max ); H>*(R N )) n C\[0, r max ); H»-\R N )). Moreover, if T max < oo, 
we have 

OI«(/)llff»(iR") + IkWIb^ot")) — > 00 as f -> r max . 

Furthermore, if 

suppM,- c B(r) := {x € W : |jc| < r}, r > 0, i = 0, 1, (3.14) 

M(f, • ) is supported in the ball B(t + r). We note that, we can extend our local existence theorem to the case N > 1 
by assuming that the initial data satisfies furthermore (3.14) and using the fact that A is a skew-adjoint operator in 
H 1 x L 2 (see [3, Theorem 6.2.2, p. 76]) instead to use Strichartz' estimate. 

To cover completely the case N/(N -2) < p < (N + 2)/(N - 2) and show that the problem (1.1) is locally well posed 
in H l one has to use effectively the Strichartz estimate ( as it is done in [6], [7] ) and work with weak solutions of 
Definition 3. In this work we need local existence and existence of maximal time interval for the solution, while in in 
[6], [7] the global Cauchy problem is studied. For this we can prove that the problem (1.1) is locally well posed for a 
larger interval p e (1, min{(AT + 4 -2y)/(N- 2), (N +l)/(N- 3)}). 

Theorem 8. (local existence of unique weak solution 0/(1.1)) 

Given (u Q , «i) e H l (R N ) x L 2 (R N ), N > 1, y e (0, 1) and let p > 1 be such that 



1</5<oo if N= 1,2, 

5, 

(3.15) 



N + 4 - 2y 

l<p< if N = 3,4,5, 

1 N-2 J 
. (N + A-2y N+\\ 

1 < p < mm -, if N > 6 

1 \ N-2 'N-3J J 

Then, there exist T > depending only on the norm 

IImoIIh' + llwilb 

and a unique weak solution u to the problem (1.1) such that u e C([0, T],H l (R N )) n C'([0, T],L 2 (R A ')). 

Proof. We shall consider only the case N > 2, since for N = 1, 2 we already have established the existence of mild 
solutions. There is no lack of generality if we suppose 

N N + 4-2y 



<P< 



N-2 ' N-2 
since for 

N 

1 < p < 

1 N-2 

Theorem 6 guarantees that local mild solution exists and it is unique. 
We take the following admissible couple 

1 . (N+l N-2 \ 1 N-2 N 

- =rmn\——,—— -s], - = — (3.16) 

r \ 2pN 2N ] q 2 r 

with s > small enough. 

To explain how we arrived at this choice and then how to complete the proof of the Theorem, we write the general 
conditions of admissibility as well as the gap condition 

1 N-l N-l 1 N-l N-l 

- + < , - + < , (3.17) 

q 2r 4 q 2f 4 

1 = N Z 2_N 1 = N±2_N. (318) 
q 2 r q' 2 f' 
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To apply a contraction mapping principle we need to apply Strichartz estimate as well as the estimate 

"U([0,T];L r x )- 



\\D; a (\un)(t)\y mT] . L , ) < C(T)\\u\\ p LH[onL r r (3.19) 



For this we take 

pf = r. (3.20) 

The Sobolev embedding H a q ,(Q, T) c L«'(0, T) with 

1 1 
— = — + a 

q* q' 

combined with the Holder inequality imply 

\\D; a Qu\ p m)\y a o,T] C\\\u\ p (t)\W(o,T) < C(T)\\u\f LmT) 
with lim^o C(T) = provided q*p < q i.e. 

-<-+<*. (3.21) 
q q' 

If we take the gap condition (3.18) and the relation (3.20) we see that we are able to express the parameters q, q' and 
f' as functions of r,p. 

1 _N -2 N I _ N + 2 pN 1 _ p 
q 2 r'q' 2 r ' f r 

Substitution in (3.21) leads to the inequality 

N + 4 - 2y 

P < 

1 N -2 

while admissible conditions and natural requirements 1 <q'<2<q<co can be rewritten as 

1 1 N+l N-3 1 N-2 
2~p' < ~~ 2pN ' 2N " 7 < 2N 

This domain is non empty if and only if 

1 N-2 N-3 N+l 
~2p~ < 2N ' 2N < 2pN ' 

Since we already made the assumption p > N/(N - 2) we see that 

N+l 



P < 



N-3 



has to be imposed too. 

This observation suggests the choice (3.16) with s > so small that the domain 

1 1 N+l N-3 1 N-2 
2p~ < ~r~ 2pN ' 2N " 7 < 2N 

is nonempty and it is sufficient to apply contraction principle. 

To be more precise we have to prove the existence and uniqueness of the fixed point for the integral equation 

u(f) = K(t)u + K{i)m + f K(t- s)D; a \u\ p (s)ds 
Jo 

such that 

u(t) e X(T) = C([0, T],H\R N )) n C'([0, T],L 2 (R N )) n L 9 ([0, T]; UX 
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Applying the Strichartz estimate (2.8) as in the proof of Theorem 6, we obtain estimate 



Jo 



K(t)u + K(t)m + K(t- s)D; a \u\ p (s)ds 



X(T) 



<C ||(«d,«i)||« + C(r)||«||J (r) 



(3.22) 



and 



f K{t - s) (D; a \u\ p (s) - D; a \v\ p (s)) ds < C(T)\\u - v\\ x(T) (|| M ||^ + IM^) , 

JO X (T) 



where limj_>o C(T) = 0. 

Applying the contraction principle we get existence and uniqueness of weak solution. The fact that the time 
interval depends only on the energy norm 

||(ko.wi)II« 

of the initial data follows directly from (3.22) since the fixed point u e X(T) will satisfies the estimate 



and this estimate implies 
if 



\\u\\ x(T) < C ||(«o,«i)ll« + C(T)\\u\\ P x(T) 



\\u\\ X (T) ^ 2C ||(mo,«i)II« 



C{T)2 p {Co\\{u ihUl )\Y H y- 1 < 1. 



This complete the proof of the theorem. 



□ 



Remark 4. Since the time interval [0, T] depends only on the size of the energy norm of the initial data, one can 
prove the existence of a maximal time < T max < oo and a unique weak solution u to the problem (1.1) such that 
u e C([0, r max ); H\R N )) n C\[0, r max ); L Z (R N )). Moreover, if r max < oo, we have 

Furthermore, if 

suppw,- c B{r) := {x € W : \x\ < r), r > 0, / = 0, 1, (3.23) 
u(t, ■ ) is supported in the ball B(t + r). 

Since 

mm I 



N+ 1\ _ N+ 1 
' N-3) ~ N-3 



N + 4-2y 
N-2 

for < y < (N - 5)/(N - 3) we have the following. 
Corollary 4. Suppose N > 6, 

JV-5 

< y < 

1 N-3 

and 

N+\ 

1 < p < . 

1 N-3 

Then, for any (uo, U\) e H l (W N ) X L 2 (R N ) there exists a maximal time < r max < oo and a unique solution u to the 
problem (1.1) such that u e C([0, T max ), H\R N )) n C^fO, T max ), L 2 
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4. Blow-up theorems 



This section is devoted to the blow-up of solutions of the problem (1.1), assuming initial data are in the energy 



and p, y satisfy appropriate subcritical inequalities. To do this, we have to introduce the definition of the solution of 
(1.1) in distributional sense and to prove that the mild and weak solutions of (1.1) are solutions in distributional sense 
of the same equation, because our blow up argument is based on this fact. 

Remark 5. As we shall use solutions in distributional sense, the natural question is why we discussed mild and weak 
solutions? The answer is the following property of weak and mild solutions: either T m . dx = oo or else T mnx < oo and 

IMOIIffW) + II"/(0IIl 2 (r«) -» 00 as t -» r max . 

Definition 4. (Solution in distributional sense) Let uq, u\ e L^(R N ). We say that u is a solution o/(l.l) in distribu- 
tional sense, if and only if u e L p ((0, T), L P .(R N )) satisfies 



for all compactly supported function if e C 2 ([0, T] x M. N ) such that <p(- , T) = and <p t (- , T) = 0, where a := 1 - y e 
(0, 1), Q. :—supptp. 

Lemma 1. (Mild or Weak — > Distributional) Assume that (uq, u\) e and y e (0, 1). Let u be the mild or weak 
solution of (\.\) and let p > 1 satisfies (3.3) or (3.15) respectively with (u,u t ) e C([Q,T], < H),then u is a distributional 
solution of XI. 1), for all T > 0. 

Proof. We shall consider the case of mild solutions, since the argument works as well for the weak solutions. Let 
T > 0, u be a mild solution of (1.1) and <p e C 2 ([0, T] x M. N ) be a compactly supported function such that ip(- , T) = 0, 
ip t (- , T) = and supp^> =: Q. Then, u is a fixed point for the integral equation 



space 



(uq, Ml) G H 




(4.1) 



u(i) = K(t)u () + AK(t)ui + (K * J" (\u\ p ))(t), 



(4.2) 



and we have 



u,(t) = AK(t)u Q + K(t)ui + (K * J"(\u\ p ))(t). 



(4.3) 



So, after multiplying (4.3) by ip and integrating over M™, 



we obtain 




Then 




(4.4) 
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Now, using the fact that the Laplacian is a negative self-adjoint operator, we have: 

d r d r ■ 

— I AK(t)u Q (x)tp(x,t) + — K{t)u\{x)ip{x,t) 
dt J n dt J n 

= J A [K(t)u (x) + K(i)ui(x)\ <p(x, t) + J [AK(t)u (x) + K(t)u\(x)] <p t {x, t) 
= J [k(t)u (x) + K(t)ui(x)] A<p(x,t) + J [AK(t)u (x) + K(t)ui(x)]<p,(x,t), 



(4.5) 



and 



£j t fk(t-s)f(x,s)ds<p(x,t) 

= f f(x,t)<p(x,t) + f f A (K(t - s)f(x, s)) ds(p(x, f) 
Jn Jn Jo 

+ f f K(t- s)f(x, s)ds<p t (x,t) 
Jn Jo 

= f f(x,t)<p(x,t)+ f (K*f)(x,t)A<p(x,t)+ f(k*f)(x,t)<p,(x,t) (4.6) 
Jn Jr n Jn 



where / := J» (|«|f) e C([0, T]; L 2 (Q)). 

Thus, using (4.2) - (4.3) and (4.5) - (4.6), we conclude that (4.4) implies that 

-j- f u t (x, t)tp(x, t) = f u(x, t)A<p(x, t) + f u t (x, t)tp t (x, t) 
dt Jn Jn Jn 

+ f f(x,tMx,t). (4.7) 
Jn 

Next, after integrating in time (4.7) over [0, T] and using the fact that <p{- , T) = and <p t (- , T) — 0, we conclude that 

- I Ui(x)<p(x, 0) = I I m(x, OA^o(x, f) - I I u(x,t)tp u (x,t) 
Jn Jo Jn Jo Jn 

- f ho(%(i,0)+ f f(x,t)<p(x,t). (4.8) 
Jn Jn 

□ 

As 

Pi = Pi = - = N/(N - 2) <=> y = (N - 2)/N, 

y 

so we have to distinguish two cases: y > (N - 2)/N and y < (N - 2)/N. Moreover, in the case when y > (N - 2)/N, 
we note that 1 /y < p 2 < p\ < N/(N - 2) for N = 2m, m e N\ {0, 1), and l/y < p x < p 2 < N/(N - 2) for N = 2m + 1, 
m e N*, while A^(A^ - 2) < p 2 < p\ < l/y < when y < (N - 2)/N. For that, we have the following blow-up theorems. 

Theorem 9. (y > (N - 2)/N andN e {1} U {2m, m e N*}) 

Let I <p< N/(N - 2), ifN > 3,andpe (I, oo), if N = 1,2. Assume that N e {l}U{2m, m e N*}, (AT - 2)/iV < y < 1 
a«J (m , «i) 6 //'(«") x ^(R^) such that 

I m > 0, I mi > 0. (4.9) 

Jr« Jr« 

< pi, where p\ is given in (1.5), then the solution o/(l.l) blows up infinite time. 



16 



Proof. The proof proceeds by contradiction. Let u be a global mild solution of the problem (1.1), then u is a mild 
solution of (1.1) in C([0, T],H\R N )) n C l ([0, T], L 2 (R N )) for all T » 1. Using Lemma 1, we have 

n^,(M'')(*, fM*, + f mi(x)^(x,0)c/x- f » (%(i,0) 
app^o Jsupp^) Jsupp^ 

= f f u{x,i)tp,,{x,i) - f f u(x,t)A(p(x,t) (4.10) 
Jo Jsupp^o Jo Jsuppy) 

for all compactly supported function ^ e C 2 ([0, T] x M. N ) such that ^(- , T) = and </),(• , T) = 0, where a := 1 - y e 
(0,1). 

Now, we have to distinguish two cases: 

. The casep<pi : Let <p(x,t) = D a AT {(p{x,i)) := ((^i(x))^ 2 (f)) with ^(x) := O (|x|/T) , <p 2 {t) := (l-t/T)l, 
where (, rj » 1 and O be a smooth non-increasing function such that 



<D(r) 



1 if0<r<l, 
if r > 2, 



< O < 1, |0'(r)| < Ci/r, for all r > 0. Then, we have 

f ^(|M|")(x,0^ r ^(x,f)+ f mi(x)D^(x,0)- f w (x)DZ>^(x,0) 
Jn r Jn Jn 

= I u(x,t)D 2 D« T ip(x,i)- I m(x, t)AD" lT ip(x, t), (4.11) 
Jn r ' Jn T 

where 

Q r = [0, r] x for Q := (x e R N ; |x|<2r}, \ = \ dxdt, \ = \ dx. 

Jn T Jn T Jn Jn 

Moreover, from (2.19), (2.20), (2.25) and (2.26) we may write 

f D a 0lt J« t Qu\") <f + CT a f ( Vl (x)) e m{x) + CT aX f fa(jc))<«o(jc) 
Jn T Jn Jn 

= f «(^ 1 (x)) f D^ 2 (f) + f M (-A,)(^ 1 (x))^D«^ 2 (0. (4.12) 
Jn T Jn T 

So, (2.21) and the formula A^f) = e<p{- l A<pi + ^ - 1)<^- 2 |V<^| 2 will allow us to write: 

f |«r"^ + Cr« f ( Vl (x)/ Ml (x) + Cr* 1 f (^!(x)) f Mo W 
Jn r Jn Jn 

= f w(^(x)/D 2 +<V 2 (f) - C f «( w w/-'A rfl WD> 2 (r) 
Jn r 1 Jn T 

-C f M (^ 1 (x)) f - 2 |V^ 1 (x)| 2 D^^ 2 (f) 
Jn^ 

< r iMi(^(x)/|D 2 ^ 2 ( f )i + c r iMK^wz-^A^iWD" ^(oi 

Jn r ' Jn r 

+ C f M(^(x)/- 2 |V Vl (x)| 2 |D^ 2 (f)| (4.13) 
Jn r 



Jn, 

Therefore, as the condition (4.9) implies 



f ( V i(x)) f M (x)>0, f (pito/mOc) > 0, (4.14) 
Jsupp^i Jsupp</)i 
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(here supp^i = Q), we obtain 

f \u\ p <p < f \u\cp 1 ">ip- 1 ' p (ip 1 (x)Y\D^ a ip 2 (t)\ 
Jn T Jn T 

+ C f \u\ <p 1 'pgr 1 "' (Mx)) 1 - 1 \a x <pi(x) D<? ]T <p 2 (t)\ 
Jn T 

+ C f \u\y l!p <p- l!p ( Vl (x)/- 2 |V Vl (x)| 2 \D% T <p 2 (t)\, (4.15) 
Jn T 



So, using the Young inequality 



with 



1 3 ,,_1 - 

ab < — a p + b p where pp-p+p, p>\,p>\, a>0,b>0, (4.16) 

3p p 

j a = \u\<p l 'P, 

i b = r 1/p (<Pi(x)) ( \D£ a <p 2 (t)\, 



in the first integral of the right hand side of (4.15), 

( a = \u\ ip 1/p , 

| b = c r l/p toto)' -1 \a x <pi(x) D^ T n(t)\ , 

in the second integral of the right hand side of (4.15) and with 

a = \u\ if 1/p , 

b = C <p- 1/p (<Pi(x)?- 2 |V Vl (x)| 2 \D% T <P2tf>\ , 
in the third integral of the right hand side of (4.15), we obtain 

f \u(x,t)\" g>(x,t) < c f {ipifinT^^nf 

Jn T Jn T 

+ c f ( Vl y- p far* \a*<pid; t <p 2 \ p 

Jn T 

+ c f (tprf- 2 ? (<p 2 y^ \v Vl \ 2p \D; Ttf2 \ p ■ (4.17) 

At this stage, we introduce the scaled variables: t = T~ l t and £ = T~ l x; using formulas (2.22) and (2.24) in the right 
hand-side of (4.17), we obtain: 

\ \u(x,t)\ p <p{x,t) < CT S , (4.18) 
Jn T 

where 6 := (2 + a)p - 1 - N, C — C(|Qi| , \Cl 2 \), (|Q,| stands for the measure of O,, for ; = 1,2), with 

£2i ; |^|<2} , Q 2 := {t > ; t < 1} . 

Passing to the limit in (4.18), as T goes to oo, and taking into account the fact that p < p\ (<==> 6 > 0), we conclude 
that 

\\P ,~n( 



lim \u(x,t)\ p ip(x,t)dxdt = 0. 

7 "^°° Jo J|.t|<2r 



Using the dominated convergence theorem, we infer that 

n\u(x, i)\ p dxdt = ==> it — for all t and a.e. x. 
N 
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This contradicts the fact that J RN uq > 0. 

• The case p = p\. In this case, we take <p(x,t) = (tp\(x)) e ifxit) with <pi(x) := <E> (\x\/B~ l Tj , <p2(t) := (1 -t/T)1, 
instead of the one used in the last case, where I, r\ » 1 and 1 < B <T large enough such that when T — > oo, we don't 
have Z? — > oo at the same time. Here <E> is the same function used above. 
So, by repeating the same computations as in the case p < p\, we obtain 

f \u\ p ip + C T~ a f fato? mix) + CT- a l f (<pi{x)) e uo{x) 
+ C f |«| V |A^!(x) D^ 2 «| 

+ c f |u| tfipqrup (<p x {x)) e - 2 \v n {x)\ 2 1/^^(01 , (4.19) 



where 



and 



Z B = [0,T] xfij := [0,T] x{x e R^ ; \x\<2B~ 1 t), J = ( dxdt, J = J dx 
A B := [0, r] x [x e R^ ; B _1 r < |x| < 2fi~ 1 r} , f = f 

JA B J A b 



dxdt. 

>A B JA B 

Moreover, using the Young inequality 

ab < -a p + - b p where pp = p + p, p > 1, p > 1, a > 0,b > 0, (4.20) 
P P 



with 



a = |u| <£ 1/p , 



b = r Up (<pi(x)) ( \D% a <P2(t)\ 



't\T 

in the first integral of the right hand side of (4.19), and using Holder's inequality 

Alp i r \ l li> 



fab<(fa p ) (f b p ) , p > l,p > 1, a > 0,b > 0, 
Ja b Wa b / \Ja b / 



with 

( a = \u\ ip 1/p , 

| b = r l/p (<Pi(x)) ( - 1 \Am(x) D% T <P2V)\ , 
in the second integral of the right hand side of (4.19) and with 

a = \u\ ip l/p , 

b = r Vp (<Pi(x)) { - 2 |V^(x)| 2 \D; T tp 2 (t)\ , 
in the third integral of the right hand side of (4.19), and taking account of (4.14), we obtain 

I \u{x, t)\ p <p(x, t) 
Ji B 

<c f {^finT^^nt 

+ C \u\ p $>) |JT te)-^ 1 lA^D^f ) 



c|jT |# ^ (<pi?- 2 > far** IV^il^l^^pj (4.21) 
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Taking account of the scaled variables: r = T~ l t, % = (T/B) 1 x, the formulas (2.22), (2.24) and the fact that p = pi, 
we get 



f \u(x,t)\ p ip(x,t)< C B- N + C B 2 -j( f \u(x, t)\ p (p(x, t)\ . (4.22) 
Now, from (4.18) and the fact that (p = p\ <==> 6 = 0), we have the following implication 

lim f \u(x,t)\ p ip(x,t) < C => f f |K(x,0r°< C, 
r ^°° Je b Jo Jr» 

and so ^ 

lim ( f ImP^I = |lim f f | M | P <p - lim f f \u\ p <p) = 0. 

''-""Win / V^JO J\x\<2B- l T r ^°°Jo J\x\<B~ l T I 

Thus, passing to the limit in (4.22), as T — > oo, we get 

f f | M (x,f)r^c/f < CB _iv . 

Jo Jr n 

Then, taking the limit when B goes to infinity, we obtain u = for all t and for almost every x; contradiction with the 
fact that f RN uq > 0. □ 

Theorem 10. (y > (N - 2)/N and N = 2m + \,me W) 

Let I <p< N/(N -2),N = 2m+\,m e W,(N-2)/N < y < lforN = 3 and max{l -{p- \){N-3)/2, (N - 2)/N} < 
y < 1 for N > 3. Assume that (u , «i) e H l (R N ) x L 2 (R N ) satisfy (3.14) smc/j f/W 

I «i>0, forN = 3 and \ \x\~ l u > 0, | «i > 0, forN>3. (4.23) 

Jr« Jr" Jr« 

< /?2, where p2 is given in (1.6), f/zen f/ze solution of{\.\) blows up infinite time. 

Proof. The first step is to obtain a differential inequality. Let u be the mild solution of the problem (1.1). Using the 
proof of Lemma 1 , we have 

^— f u(x,i)(p{x,t)dx= f u(x,t)A(p(x,t)dx+ f JZ t {\u\ p ){x,i)(p{x,i)dx (4.24) 
dt Jsupp^) Jsuppy) Jsupp^o 



for all < t < r max and all compactly supported function <p e C 2 (M. N ). Fix < T Q < r max and take <p e C 2 (R N ) with 
^ilon5(f + T ). Then, for all < t < T , (4.24) implies 

— f u(x,t)dx= f J"(\u\ p )(x,t)dx. (4.25) 
dt J R « J r « u " 

Actually, equation (4.25) holds on [0, r max ) since Tq was arbitrary. 

Now, due to the positivity of the operator K only in three dimension, we have to study two cases. 
• The case N -2> : For r < t < r max (if r max < r there is nothing to prove) define 

F(f) = | u(x, t) dx. (4.26) 

Jr 3 

Using the compact support of u(- , t) and Holder's inequality, it follows from (4.25) and (4.26) that 

F(t) > J» t [(r+- )-^-D|F(- )\ p ](t). (4.27) 
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For details, see [10]. On the other hand, it is well known that the operator K in the integral equation (3.1) is positive. 
Therefore, (3.1) implies that 

u(x, t) > v(x, t), (4.28) 
where v := K(t)uo + K{t)u\. Since (d 2 /dt 2 ) J R3 v(x, t) dx = 0, we have 

v(x,t)dx = C Ul t + C U0 , (4.29) 



f 

Jr 3 



where C Uj := J m, dx, i = 0, 1. Using the strong Huygen's principle, we have 

suppv(x, f) c [t - r < \x\ < t + r], t > r. (4.30) 
Combining (4.28) - (4.30), using Holder's inequality, one has 

C„, t + C„ < C(t + rf^-V'P \u(x, t)\ p rfxj ' . (4.31) 
Next, as in (4.27), we obtain from (4.31) 



F(t) > J a m 



0|* 



X\u(x, 
3 



)\ p dx 



(0 > / y (c„, f + c„ r(r+- )- 2( "- 1) ](o > J^ t (cr (p - 2) ) = c f ff - ( "- 2) , (4.32) 

where we have used the condition (4.23), for t large. Integrating twice, one has 

F(t) > Ct 2+a - (p - 2) >(r + t) a ' , t large, (4.33) 
where a\ := 2 + a - (p - 2). Turning back to (4.27) we can get after integration twice 

F(t) > C(r + tf\ 

where 

ff2 = pa\ - 3(p - 1) + a + 2. 

Generally, we can write 

F(t)>C(r + t) at , 

where 

ak+\ = pak - 3(p - 1) + a + 2. 
To assure that this sequence is increasing we need 

a 2 > a\ 

and a simple calculation shows that this is equivalent to (1.6). This is exactly the condition that means that p > 1 
is subcritical i.e. p < p 2 . Once the condition a 2 > a\ is verified one can verify that tends to oo and deduce the 
following estimates 

F(t) > C N (t + r) N , MN > 1. (4.34) 

F(t) >C f (t- sf^FisY'ds, \< Pl <p. (4.35) 
Jo 

Now we are in position to apply appropriate modification of [21, Lemma 4] and conclude that T max < oo. 

Lemma 2. IfF(t) € C 2 ([0, T)) is an increasing positive function that satisfies (4.34) and (4.35) with some p\ > 1 > 
a > 0. Then T < oo. 
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Proof. Set 

G(t)= f {t- sfF{s)ds, 
Jo 

where fi is a positive number such that 

P (Pi - 1) 

Then applying the Holder inequality, we find 

at \l/pi / r-t 

(t- sf +p F(s) Pi ds\ I J (f- jy , -" /<Pl - 1) rfsJ < 

since fi - a/(p i - 1) > - 1 . Hence, 

f(f - sf^Fisfds > C(t + r )<HP +1 Xpi-i> G(f)Pl> 
Jo 

and applying the estimate 

G(r) = f {t- T fF(r)dT> f f (t-Tf(T-s) a - x F(s) Pi dsdT> 
Jo Jo Jo 

> C f (f - sf^FisY'ds > C(t + r )«HP +1 Xpi-») G(t) P, 
Jo 

The estimates 

G(f) > C(t + r )<H0+iXPi-D G(t) Pl 



and 



G(f) > C w (f + rf, VN > 1 



enables one to apply [21, Lemma 4] and conclude that T < oo. This completes the proof of the Lemma. 
• The case N > 3 : Let 

F(t)= f (f - s) (A, ~ 5)/2 f u(s,x)dxds, r<f<T max . 
Jo Jr« 

We know that in the case N = 3 the kernel K is positive while in the high dimension space N > 3 is not. So, we follow 
the approach of Sideris [21] and defined F(- ) with the purpose to use [21, Lemma 5] and get the positivity. 
Differentiating F(t) twice and using (4.25), we obtain 

F{t) = lzli™C Ua + f ( ^ 5)/2 C„, + f(t - sf™ f\s - erf- 1 f \u(a,x)\ p dxdo-d S . 
2 Jo Jo Jm N 

For t large, inverting the order of integration and then using the compact support of u(- , f), we get 

F(t) > f (t-s) (N - 5)/2 f (s-crf- 1 f \u(a-,x)\"dxdo-ds 
Jo Jo Jr w 

= [If (t - sf N ~ 5)l2 (s - a-)"- 1 ds) f \u(o-,x)\ p dx da- 
Jo \Jtr I JR N 

= C f (t - <rf N - 5)l2+a I f \u(cr,x)\ p dx) da- 
Jo \J\x\<r+cr ) 

> C(r + ty N(p - l) f (f - s ) (N - 5)/2+a I f \u(s,x)\dx) ds. (4.36) 
Jo \Jw I 
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Using Holder's inequality, we have 

f\t- s f N -W 2 { f \u(s,x)\dx)ds<C(r+tf N - 3)( *- m2p) - a/p { f(t-s) (N - 5,/2+a l f |«(j,jc)|«/jcf ds) , (4.37) 
Jo \Jr n I \Jo \Jr n I I 

where we have used the fact that y > 1 - (p - l)(N - 3)/2. Then 

I" " (I ^4 * 2 „ + 

Therefore, combining (4.36) and (4.38), we obtain 

C\F(t)\ p 

Fit) > — — (4 39) 

v ' ~ ( r + t yN-3)(p-i)/2+N( P -i)-a ■ ^- Jy} 

On the other hand, by repeating the same calculation in [21, Section 5 p. 391], we have 

f (f - s) {N - 5)l1 f u(s,x)dxds> f (t-s) (N - 5,/z f v(s,x)dxds, t large, (4.40) 

Jt-r J\x\>t Jt-r J\x\>t 

where v is the solution of the homogeneous equation 

v„ - Av = (x, () e M* x (0, T), 

v(x, 0) = woW. v ( (x, 0) = mi(x) x e R N , 

Using Holder's inequality and the compact support of u on the left of (4.40), one has 
f (f - ^ 5)/2 f u(s,x)dxds < f (t-s) (N - 5,/2 f \u{s,x)\dxds 

Jt-r J\x\>t Jo Jf<|x|<r+j 

< c(r + tf-wp-wopytp ( f\t - s) (*-5>/2« ( f | M(5j x) , rf J ^V" 

\Jo \Jt<|x|<r+r / / 

< C(r + ^-3)(p-D/(2rt-«/p (r + (^-1)(p-1)/p ( F (t)) Up . (4.41) 
Next, to estimate the right sided of (4.40), it follows from (4.23) and [21, Lemma 6] that 

f (t - s) (N - 5)/2 f v{s,x)dxds>C{r + if- V)l2 , t large. (4.42) 

Jt-r J\x\>t 

Hence, (4.40), (4.41) and (4.42) imply 

F(t) > i r + t ^-l-(N-l)p/2-(N-3)ip-l)/2+ a 

which leads after two integrations, for large f, that 

Fit) >(r + ^+l-(Af-l)P/2-(Ar-3)(p-l)/2+a ) (4 43) 

where we have used the fact that N +1- (N - l)p/2 - (N - 3)(p - l)/2 + a > 1. Finally, making use of [21, Lemma 
4], it follows from (4.39) and (4.43) that r max < oo, provided p < p 2 . □ 

Theorem 11. (y <(N - 2)/N and N > 3) 

Let N > 3 and p > 1 satisfies (3.15). Assume thatO <y< (N - 2) IN and (m ,"i) e H l (Jk N ) x L 2 (R N ) such that 

X«o>0, I mi > 0. 
« Jr» 

< l/y, f/zen f/ze solution o/(l.l) Mows m/? infinite time. 
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Proof. Let u be a global weak solution of (1.1). Our argument is the same one of Theorem 9. So we have two cases: 

• The case p < (1/y): We repeat the same argument as in the case p < p\, introduced in Theorem 9, by choosing the 

following function <p{x, t) = (ipi(x)Y <p 2 (t) where tpi{x) = $ (\x\/R) , tp 2 (t) = (1 - t/T) n + , i, tj » 1 and R e (0, T) large 
enough such that when T — > oo we don't have R — > oo at the same time, with the same function <E>. We then obtain 

f \u\ p !f> + Cr" f (^(jO/mOO + Cr«-' f fo(jc))'«o(jc) 

JCr Jc Jc 

C f \u\ ipV'ip-V'faWt 1 |A^!(X) D« ^(0| 



+ 



+ 



where 



C f ImI^^-^'^iW^IV^WI 2 !^ ^ 2 «|, (4.44) 

C r := [0J]xC:=[0J]xjieR iV ; |jc| < 2/?} , f = f rfiA, f = f 

Jct- Jct Jc 



c/x. 

^Cr ^Cr JC JC 

Now, by Young's inequality (4.16), with the same a and b as above and using (4.14), we get 



+ C f (<p l (x)Y-P(<p 2 (t))-^\A m (x)D"<p 2 (t)\ p 
Jc T 

+ C f (^(x))^ (^(O) - ^ |V^(x)| 2 |W r ^ 2 «f ■ 
Then, the new variables £ = /? _1 x, t = T _1 f and formulas (2.22) and (2.24) allow us to obtain 

f \u(x, t)\" <p(x, t)< C T l - {2+a) P R N + C T l - ap R N - 2p . (4.45) 
Jc T 

Taking the limit as T — > oo, we infer, as p < i (<=> 1 - ff/5 < 0), that 

r r i^o^^iw/ c/xA =o. 

Jo Jc 

Finally, by taking R — > oo, we get a contradiction. 

• The case p = (1/y): Here, we take the same test function in the last case. So, from (4.45), we obtain 

f \u(x, t)\ p <p(x, t)< C T- 2ii R N + C R N - 2p . 

JCt 



JCt 

Taking the limit as T — » oo, we infer 



Jo Jc 



Now, as the conditions (iV - 2)/iV < y < 1 and p = l/y imply that N - 2p < 0, therefore, after passing to the limit as 
R — > oo, we conclude that 



f r i«(x,oi"< 

Jo Jr n 



'c/xc/f = 0; 

contradiction and our result is established. □ 
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